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Introduction. -Electric fields within cavities in uniformly polarized dielectrics are commonly calculated by the rules of macroscopic electrostatics [1] . In case of an empty spherical cavity carved from a polarized dielectric, the connection between the field inside the cavity, E c , and the macroscopic (Maxwell) field in the dielectric, E, is particularly simple [1, 2] :
Here, ǫ is the dielectric constant and E 0 is the uniform external field. Equation (1) is widely used for problems related to inserting nonpolar [3] and polar [4] impurities into dielectrics and, more recently, for electrical and optical properties of nanopartices in polar matrices [5, 6] . An alternative approach to introduce the local field within dielectrics is through the Lorentz field
E L is introduced by the virtual cavity construct, following Lorentz himself [2] . Alternatively, it appears from infinitesimally small spherical cut-off of the dipolar tensor when the Maxwell field E is defined as a sum of the external field E 0 and the field of dipolar polarization [7] . Despite its importance, the range of applicability of eq. (1) has never been thoroughly studied. The problem (a) E-mail: dmitrym@asu.edu of the cavity field naturally appears in spectroscopy since the field coupled to the chromophore transition dipole is altered from the field of the electromagnetic wave by the solvent induced dipoles [4, 8] . However, the limited range of refractive index values available for most liquids does not permit a conclusive test of the relevance of eqs. (1) and (2) in a broad range of ǫ [4, 6, 8, 9] . The local field corrections affect the spectral intensity, while the position of the spectral line is affected by the Onsager reaction field [2] . The calculation of this property, as well a more general problem of electrostatic solvation in dielectrics, pose the question of the length-scale at which the laws of macroscopic electrostatics cease to apply and one needs to deal with microscopic electric fields [10] . All these questions that have puzzled chemical physics for decades are related to the problem of the local field in a polarized dielectric considred here. Equation (1) lends itself directly to tests since it predicts two physically significant results: i) the cavity field is independent of the cavity radius, i.e. the cavity lengthscale does not enter the final result, and ii) the dielectric is infinitely polarizable, i.e. the internal field of polarized dipoles within the dielectric screens the external field and essentially no field is expected inside a cavity in dielectrics with high ǫ. This letter analyzes these predictions by using analytical formulation for the dielectric response in terms of microscopic response functions and Monte Carlo (MC) simulations of cavity fields created inside the model fluid of dipolar hard spheres (DHS).
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From a conceptual perspective, cavities were originally introduced by Maxwell [11] to define fields within dielectrics. Cavity fields then became a conceptual basis of dielectric theories [2, 7] , in particular in formulating meanfield theories of susceptibility (magnetic or dielectric) of dipolar condensed media [12] . The basic relevant question of how to relate microscopic fields within dielectrics to the macroscopic Maxwell field has many ramifications in condensed-matter physics [13] .
The formulation of the Maxwell's material equations heavily depends on the assumed abrupt discontinuity of the otherwise uniform dipolar polarization at the dielectric boundary [1] . If the properties of the interface are different from that assumption, the dielectric response may become distinct from the predictions of the continuum electrostatics not only in the limit of molecular-sized cavities, which is expected, but also for large cavities of at least mesoscopic dimension. Another goal of this study is to seek for a solution emerging from microscopic response functions when the cavity size increases to the scale in which Maxwell's equations are expected to apply. This bottom-up approach shows that the solution applicable to the mesoscale is indeed different from the prediction of Maxwell's equation due to specific orientational order established at the surface of cavities carved from a polar liquid.
Formalism. -A cavity within a dielectric can be described by excluding the polarization field from its volume [14, 15] . The generating functional of the Gaussian polarization field P can then be written as 
where the product of δ-functions puts the polarization field to zero within cavity space Ω 0 . The asterisks between vectors denote both the space integration and tensor contraction, and the bath Hamiltonian H B [P] describes Gaussian fluctuations of the isotropic polar liquid characterized by the response function χ s (k). In dipolar liquids with axial symmetry, this response function expands into longitudinal (L) and transverse (T ) projections [16, 17] 
where J L =kk and J T = 1 −kk are two orthogonal dyads and the scalar functions S L,T (k) are the structure factors which depend only on the magnitude of the wave vector k. In addition, y =(4π/9)βρm 2 is the standard density of dipoles usually appearing in dielectric theories: m is the dipole moment, ρ is the number density, and β is the inverse temperature.
The constraint imposed on the polarization field to vanish from the cavity breaks the isotropic symmetry of a homogeneous liquid producing a non-local response function χ(k 1 , k 2 ) (2-rank tensor) depending on two wave vectors [17] . This function is obtained by taking the second derivative of ln[G(A)] in the auxiliary field A in eq. (3) and setting A = 0. The result is [17] 
where the correction term χ corr (k 1 , k 2 ) accounts for the effect of the cavity excluding the polarization field from its volume.
We now consider a spherical cavity of radius R 0 inside a microscopic dielectric liquid and use the response function from eqs. (4) and (5) to determine the cavity field. For a dielectric in the uniform external field E 0 , the projection of the field at the center of the cavity on the direction e 0 = E 0 /E 0 becomes
Here,Ẽ 0 = E 0 δ k,0 is the Fourier transform of the external field andT is the k-space dipole-dipole interaction tensor excluding the hard cavity core with the radius of closest approach
In eq. (7), D k =3kk − 1,k = k/k,a n dj n (x)i st h e spherical Bessel function of order n. After some algebra, one arrives at the following equation:
The functions χ ′L,T (k) in the denominator in the k-integral renormalize the solvent bulk response by the presence of the cavity. They are expressed through the integrals of the 110 and 112 projections of the liquid pair distribution function on rotational invariants [18, 19] as follows:
Here, Ω ′ is the volume outside the sphere of the radius 2R 1 . The integrals in eq. (9) simplify for large cavities with 2R 1 ≫ σ in which case the short-range correlation function h 110 (r) can be neglected and the long-range asymptote [18, 19] is used for h 112 (r). In that case [17] ,
where
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Cavity field in liquid dielectrics Equations (6)- (9) provide a formally exact solution for the problem of dipolar response in the presence of a spherical cavity. Equation (6) is quite general and is limited only by the assumption of weak external field (linear response). It can, in principle be used to map the field within the cavity, but we will limit our analysis to the field at the cavity center, which is also calculated from numerical simulations below. The transition from eq. (9) to the functions χ ′L,T (k) given by eqs. (10) and (11) is surprisingly accurate down to R 1 = σ. This is illustrated in fig. 1 where points show numerical integration of eq. (8) with distribution functions h 110 (r)a n dh 112 (r), as well as the structure factors S L,T (k), obtained from MC simulations. The structure factors are obtained by averaging the projections of unit dipole vectorsê j on an arbitrary chosen wave vectork according to the equations
where r ij = r i − r j and N is the number of particles in a polar liquid. The analysis from MC simulations is compared in fig. 1 to numerical calculations using eqs. (10) and (11) and analytical expressions for S L,T (k). This latter employs the mean spherical solution for dipolar hard spheres [20] re-parametrized to give the exact k = 0 limits in terms of ǫ and y [21] . The values of ǫ(y) have been taken from our MC simulations.
Although the solution of eq. (4) is formally exact, the approximation made in the analytical theory is to exclude only the polarization field from the cavity volume in eq. (3) instead of the overall one-particle density ρ (1) (1) [19] . The formulation thus neglects the coupling of the polarization field to the inhomogeneous density profile arising around any hard excluded volume. Since the relative effect of this density profile on the liquid response is reduced with increasing the cavity size [22] , the theory is expected to be more accurate for large cavities (see below).
Equation (8) is the central result of our analytical model. The first term in eq. (8) is the local Lorentz field [2] which appears in our formalism as the field inside small cavities [8] of a size much smaller than the length of dipolar correlations in the liquid. This result is in line with the definition of the Lorentz field used by Ramshaw [7] . The opposite limit of macroscopically large cavities turns out to be harder to derive.
The macroscopic (continuum) limit corresponds to the neglect of the k-dependence in the correlation functions representing dipolar fluctuations of the polar solvent. If all the functions S L,T (k)a n dA(k) in the parenthesis under the k-integral in eq. (8) 
and applies the "continuum" limit to the term in the parentheses, one gets an alternative expression for the cavity field
The direct k-integration in eq. (8) shows that the actual solution branches between two continuum limits ( fig. 1 ) through a singularity point which appears when a pole of the longitudinal function
falls on the real axis (Im(k * ) = 0). Equation (14) accurately describes the cavity field at low polarities switching to a solution close to the standard continuum limit (eq. (1)) through a singularity. The appearance of a real-k singularity prevents us from using numerical integration. Therefore, the high-ǫ parts of the plots in fig. 1 have been calculated by residue calculus using the analytical representation for S L,T (k) [21] . The real-axis singularity in eq. (8) at the boundary of a dielectric sample or a mesoscopic cluster [23] where it creates surface charges. This picture is what we know as a macroscopic dielectric described by material Maxwell's equations for which any field within polarized dielectric depends on the global shape of the sample [2] . This phase, which can be described as conventional dielectric, is shown by the shaded area in the space of parameters {ǫ, R 1 } in fig. 2 . For the parameters in the un-shaded area (marked as "polar liquid" in fig. 2 ), the long-range polarization wave does not exist and any polarization wave in the liquid decays on a microscopic length [18] . The local field is then independent of the sample shape and the rules of macroscopic electrostatics do not apply. This regime of relatively low polarities has an approximate solution given by continuum limit of eq. (14) . The quasi-continuum result of eq. (14) in fact corresponds to the separation of length scales in which the cavity radius is larger than the correlation lengths for both the longitudinal and transverse dipolar correlations, R 1 ≫ Λ L , Λ T . The use of eq. (13) then largely eliminates the effect of the transverse response on the continuum portion of the response function. The transverse correlation length Λ T is an increasing function of solvent dielectric constant [20] growing to infinity at the ferroelectric transition. Therefore, the semi-continuum limit should become invalid at some ǫ, and that happens through a discontinuous branching of the continuum solution between eqs. (14) and (1) . In order for a solution to switch to the ordinary macroscopic limit, the singularity k * should be a part of the sample's spectrum of wave numbers. The spectrum of k is limited to a discrete set of lattice values for a finite-size sample, and it is hardly possible for k * to coincide with one of the lattice vectors. Indeed, when continuous k-integration in eq. (8) is replaced with the lattice sum according to the rule
we do not observe a rising part of the cavity field (dash-dotted line in fig. 1 ). In eq. (16), L is the size of the cubic lattice and the lattice wave vectors are k =(2π/L){n, l, m}. As expected from this calculation, we in fact have not observed switching to the ordinary continuum in our finite-size numerical simulations.
Simulations. -We have carried out MC simulations with the standard NVT Metropolis algorithm, periodic boundary conditions, and the cutoff of the dipolar forces at L/2 (see ref. [24] for the details of the simulation protocol). The initial configuration was set up as a face-centered cubic lattice with random dipolar orientations and varied number of particles N . The spherical cavity was created at the center of the simulation box and the solvent diameter was adjusted to produce the bulk density ρ * = ρσ 3 =0.8. Reaction-field corrections with the dielectric constant equal to that of the liquid (from separate MC simulations) were used for the dipolar interactions to speed up the simulations. The results were identical to the simulations employing Ewald sums.
The cavity field was calculated from the linear response approximation according to the equation:
Here δE s and δM are the fluctuations of the field at the cavity center and the total dipole moment of the liquid, respectively. The term E corr , derived here from the procedure suggested in ref. [25] , corrects for the cutoff of the dipolar interactions at the distance r c in the simulation protocol:
where ǫ RF is the reaction-field dielectric constant and r c is the cut-off radius. The dependence on r c disappears when ǫ RF = ǫ, as used in our simulations. Calculations of the cavity field using perturbation by an external field [26] were also attempted, but the linear response approach was found to give more precise results. Figure 3 shows the cavity field from MC simulations. The predictions of two continuum solutions, eqs. (1) and (14) , are shown by the dashed and solid lines, respectively. It turns out that both qualitative predictions of continuum electrostatics (eq. (1)) are violated. First, there is a significant dependence of E c on the cavity size, as expected for cavities comparable in size to the liquid particles. Second, the simulated dependence E c (ǫ) never reaches the continuum limit of eq. (1), but instead levels off with increasing cavity size at the solution given by eq. (14) . The MC results shown in fig. 3a are slightly dependent on the number of particles and that is the reason why the points at the largest cavity size fall below the line given by eq. (14) . A more satisfactory agreement is reached when extrapolation to N →∞ is taken from finite-size simulations with varying N (fig. 3b ).
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Cavity field in liquid dielectrics (17) and (18)) was used to calculate Ec/E0 from MC configurations. The solid and dashed lines refer to continuum limits of eqs. (14) and (1), respectively. Full points in (a) and (b) show extrapolation of the simulation data to the N →∞ limit at r1 =1.0 and r1 =5.5, respectively.
The upward deviation of simulated cavity fields from eq. (1) is a consequence of a particular orientational structure on the cavity's surface. Figure 4 shows the distance dependence of the orientational order parameter formed by projecting the unit dipole vector,ê j ,o nt h e unit radius vector,r j = r j /r j :
where P 2 (x) is the second Legendre polynomial. The surface dipoles tend to orient orthogonally to the surface normal with increasing polarity, a behavior well documented for 2D dipolar fluids [27] and cavities in force-field water [28] . Surface orientation of dipoles leads to overscreening of the external field such that the electric field from the first solvation shell is directed opposite to the external field (inset in fig. 4 ). This effect is partially compensated by a positive field from the second solvation shell, and it takes several shells to make the overall cavity field. For larger cavities (not shown here), the field of the first two solvation shells makes almost the entire cavity field such that the solvent response is more surface-dominated [22] .
Discussion. -In conclusion, we have followed the procedure, first suggested by Maxwell [11] , to measure microscopic fields in a polarized dielectric by carving cavities in it. The combination of numerical simulations and analytical theory drew a new understanding of the limits of applying the theory of dielectrics to polar liquids. We found that solutions of macroscopic electrostatics are realized as a singularity in the microscopic response function producing a non-decaying longitudinal polarization wave. The total electrostatic free energy of polarizing the dielectric [1] does not change at the branching point:
where M is the total dipole of the polarized liquid. The integrated dipole moment of the cavity M c = −3Ω 0 P/(2ǫ + 1) does not depend on which solution for the cavity field is realized. Therefore, the decrease in the electrostatic energy of the cavity, caused by a lower cavity field, is released to the longitudinal wave. The possibility of realizing the continuum solution in the limit of large cavity depends on the order of continuum (R 0 /(Λ L , Λ T ) ≫ 1) and thermodynamic (L →∞ in eq. (16)) limits taken in the equations for the microscopic response functions. Since the theory has nothing to say about the order of these two limits, it is up to experimental measurements of cavity fields to determine which limit should be taken first and whether the standard continuum result (eq. (1)) has the right to exist for liquid dielectrics. In our present study, we could never reach the limit of macroscopic electrostatics on the length scale studied by either numerical simulations or by the analytical theory. Figure 5 shows the dependence of E c on the cavity size obtained from MC simulations (points) and analytical theory (solid line). The solid line was obtained by applying the lattice sum instead of continuous integration in eq. (8) . As is seen, there is a remarkably good agreement between the analytical theory and simulations when the size of the cavity is increased, but there is no drop to the cavity field of eq. (1) achieved by either method. The simulations suggest that the appearance of the new continuum solution should be traced back to the specific orientation of dipoles on the cavity surface ( fig. 4) which largely eliminates the normal polarization projection responsible for the surface charge [1] and results in a new solution which applies at least at the mesoscopic length scale considered here. At small cavity size, there is a significant upward deviation of the simulation results from the analytical theory. As mentioned above, this comes from the neglect of the short-range, oscillatory density profile around a small cavity in eq. (1). The remarkable results of the simulations is an apparent absence of the Lorentz field in the limit of small cavities. This observation might have significant implications for spectroscopy where either continuum cavity field (eq. (1)) or the Lorentz field (eq. (2)) are typically applied to correct for the local dielectric effects. The actual cavity field is higher than either of the two and is in fact stronger than the externally applied field.
The cavity size reached in our simulations, 2R 0 ≃ 5nm, is of the order of that commonly realized for small nanoparticles, given the typical length scale of molecular liquids σ ≃ 4 − 5Å. Our results thus suggest that the electrostatics of nanocavities in liquids is not consistent with material Maxwell's equations. The discussion so far has been limited to a hollow cavity with the dielectric constant of vacuum, ǫ 0 = 1. However, the results of continuum electrostatics depend only on the ratio of two dielectric constants at the interface [1] , ǫ/ǫ 0 . Therefore, both the continuum results and the microscopic formalism developed here can be applied to situations with ǫ 0 > 1b y simple replacement ǫ → ǫ/ǫ 0 . In this way, our approach is generally applicable to all problems related to inserting impurities into polar liquids given the condition ǫ>ǫ 0 is satisfied. We also want to notice that no direct measurements of fields within microscopic cavities in polar liquids have been, to our knowledge, reported in the literature. Experimental evidence may arrive from measurements of dielectric relaxation of photoexcited dipolar impurities [29] . If a polar liquid is placed in an external electric field, the torque imposed on a dipole instantaneously created by photoexcitation will be determined by the cavity field. * * * This research was supported by the National Science Foundation (CHE-0616646).
